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Introduction

HERMODYNAMIC and transport properties of thermal plas-
mas canbe easily calculatedonce the compositionof the system
is known, which in many cases can be described by the Saha equa-
tion. Problems, however, can arise for the so-called two-temperature
plasmas, that is, plasmas characterized by different temperatures
that exist because of the inefficiency of electron-molecule colli-
sions to redistribute energy and/or entropy. For this case, several
Saha equations have been presented in the literature, depending on
the constraintsimposed to the system.' 3
The purpose of this Note is to show how the choice of the Saha
equation affects the thermodynamic and transport properties of H,
plasmas.

Theoretical Aspects

The two-temperature Saha equations we are using are an adapta-
tion of the axiomatic approachpresentedin Refs. 1-3 for H, plasma.
In the present case, the arrays of the independent state parameters
are { Sy «s St.exs Sut, Sy» Se, V, Nu, Ny+, Ny, , N, }inthe energetic
scheme and {Uy ., Uy ex, Un+, Uny, S, V, Ny, Ny+, Ny, N} in
the entropic scheme *~7 Here, S, U, V and N are entropy, internal
energy, volume, and number density, respectively. Subscripts tr and
ex denote translational and excitation degrees of freedom whereas
subscripts H, HT, H,, and e denote the different species present in
the plasma.
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The first Saha equation we consider correspondsto the following
entropic constraints:

g4

ex t+e
and reads

3
N " 2 gy ((27m kT \ 2 E,
N, = exp(~— )
NH QH (Te) h? kb Te
The same equation can be obtained by minimizing the Gibbs poten-
tial as shown by several researchers 8~1°

A slight modification of Eq. (2) has been obtained in Ref. 3 by
considering the following constraints:

SH.tr + SH+ = S,‘j_“, SH.ex + Se = (1)

St + Shex + Sur = S;‘L S. = Sg ®3)
which in this case result in the following equation:
3
N (NH*)W 2|: 8ut i|w(2ﬂmekae)2 ( E, )
. = exp|—
Ni 0n(T) 2 o
4)

Note that the only difference between Egs. (3) and (4) is the tem-
perature at which one calculates the partition function of atomic
hydrogen. In Eq. (2), the electrons are considered responsible for
both ionization and excitation processes, whereas in Eq. (4), the
electrons are responsible only for the ionization process.

Let us examine the Saha equations that derive from energetic
constraints. By imposing
= Ua

UH.lr + Uy+ = Uff_w UH.ex + U, ex+e %)

we obtain'!

3
NENH+ 2'gHJr Zﬂmekae : EI
= exp(— 6)
NH QH (Te) h? kb Te
This equationis commonly understoodto be a result of the maxi-

mizationof the plasmaentropy. A similarequationhas been obtained
by Morro and Romeo'?'3 by allowing the following constraints:

UH.lr + UH.ex + UH+ = Ufﬂ

3
2 gy (2nmekae) ?

On(T) h?

Again, the differences in Eqs. (6) and (8) are due to the role of
the electrons in the ionization and excitation processes.

We consider the molecular degrees of freedom of H, in mutual
thermal equilibrium at 7},. To get the composition, we couple the
Saha equation for ionization and a similar equation for dissoci-
ation to the conditions of electroneutrality and species conserva-
tion. We consider only a four-component system (H,, H, H", and
e) disregarding in particular the H; and H™ species. The thermo-
dynamic properties of the mixture are then obtained by averaging
the component-propertythermodynamicfunctions with the relevant
molar fractions.'* Note, however, thatin the present study we do not
consider the lowering of the ionization potential as we calculate the
internal partition function of atomic hydrogen by considering lev-
els with principal quantum numbers up to n =12 irrespective of

U =U; M

N, Ny+
Ny
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the pressure. The internal partition function of molecular hydro-
gen is calculated by summing over all of the rotational states up to
the dissociation limit for each vibrational level of the ground elec-
tronic state; this procedure is repeated for all of the 14 vibrational
levels sustained by the ground-state potential curve. No electroni-
cally excited states are considered in the calculation of H, partition
function. The first bound electronic level of molecular hydrogen is
excited when the molecule is practically dissociated.

For the transportpropertiesof multitemperatureplasmas, we have
used the same formulationas that developedfor the one-temperature
case, that is, the solution of Boltzmann equation according to the
Chapman-Enskog method (see Ref. 15). The procedure is correct
because the heavy-particle Boltzmann equation can be decoupled
from the Boltzmann equation for electrons. As a consequence,
we can calculate the translational thermal conductivity of heavy
components and the viscosity of plasma by inserting the composi-
tion, calculated according to the multitemperature thermodynam-
ics, into the relevant equations. In this case, the transportcross sec-
tions for heavy-particle-heavy-particleinteractionsare calculatedat
T, whereas those involving electron-electron and electron-heavy-
particle collision are calculated at 7.

In our case, it is possible to express the total thermal conductivity
as

A= Ag + Ainc + Az (9a)

where the terms on the right-hand side of Eq. (9a) are the trans-
lational, internal, and reactive thermal conductivity, respectively.
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Fig. 1 Comparisons of equilibrium number densities from different
Saha equations vs T, at T, = 10,000 K: a) molecular hydrogen, b)
atomic hydrogen, and c¢) electrons. (Numbers in parentheses correspond
to equations in text.)

Translational thermal conductivity is in turn expressed as the sum
of the heavy-particle contribution and of the electron contribution,

A = Ap + Ae (9b)

A differentapproximationof the Chapman-Enskog method must
be used for A, and A, (Ref. 15). Translational thermal conductivity
of the heavy particles can be calculated according to the second
Chapman-Enskog approximation, whereas the third approximation
of the Chapman-Enskog method must be used for electrons (see
Ref. 15). The working equations may be found in Ref. 15. On the
otherhand, the internal thermal conductivityto a first approximation
can be calculatedaccording to the Eucken theory (see Ref. 15). Note
that in our calculations the transport of internal energy for atomic
hydrogen has been calculated by assuming that the diffusion coef-
ficients of electronically excited states and H, H* pairs are equal.

At high temperature, gases can be partially dissociated and ion-
ized and so they can transport their enthalpy in the temperature
gradient. The so-called reactive thermal conductivity for equilib-
riumsituationscan be calculatedaccordingto the Butler and Brokaw
equation. This formulation has been also extended to nonequilib-
rium plasmas (see Ref. 16 for the equation).

The electricalconductivity of a partiallyionized gas can be calcu-
lated by the third approximationof the Chapman-Enskog method. It
assumes a form very similarto the translationalthermal conductivity
of electrons.!®

Transportcross sections (collisionintegrals) for the relevantinter-
actions are tabulatedin Ref. 17. Note thatcharged-charged collision
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Fig. 2 Comparisons of transport properties vs 7}, at T, = 10,000 K.
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integralshave been obtainedby interpolationof Masonetal. values'®
consideringthe screeningin the Debye length due only to electrons.

Results and Remarks

Numerous data exist for the thermodynamic properties of H,
thermal plasmas. The present results, which have been partially
tabulatedin Ref. 19, are in excellent agreement with those reported
in Ref. 20.

The transport properties at atmospheric pressure (total thermal
conductivity,viscosity, and electrical conductivity) calculatedin the
present Note have been compared with the recent calculations per-
formed by Murphy?' and with the older ones of Devoto.?? Excellent
agreement for total thermal conductivity and good agreement for
viscosity and electrical conductivity have been found.

Calculations of thermodynamic and transport properties of two-
temperature H, plasmas have been recently reported by Aubreton
etal.'® by using Eq. (4) for plasma composition. Our results reported
in Ref. 19 are in good agreement with these data.

‘We now compare the results that can be obtained by using the dif-
ferent formulations, thatis, Egs. (2), (4), (6), and (8), for the ioniza-
tion process. We limit the comparisonto 7, = 10,000 K for different
T, values and to T, = 8,000 K for different 7, values (p =1 atm).
We examine the behavior of the number densities. In the dissocia-
tion regime, where heavy particles density greatly exceeds electron
density, we see Eqgs. (2), (4), (6), and (8) give essentially the same
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Fig. 3 Comparisons of equilibrium number densities from different
Saha equations vs T, at Tj, = 8000 K.

values for the heavy-particles density and large differences in the
electron density (Figs. 1a-1c). These differences also appear in the
transport properties (Figs. 2a-2c).

The relevant trends can be understood by recalling that electrons
dominate the electrical conductivity, whereas heavy-particlebehav-
ior dominates viscosity. This is confirmed by inspection of Figs. 2b
and 2c. Figures 2b and 2c show that viscosity, which depends on
heavy particles, does not depend on the form of ionization reac-
tion, whereas electrical conductivity, which depends on electrons,
is strongly affected by the form of Saha equation.

Total specific heat and total thermal conductivity do not depend
on the different forms of Saha equation in the dissociation regime:
They have a small dependence on the form of ionization reaction at
high temperatures. In the ionizationregime, where electron density
exceeds heavy-particle density, there are significant differences in
heavy-particle densities (Figs. 3a-3c). The dependence of the total
thermal conductivityon the differentforms of Saha equationis more
significant in the ionizationregime, as shown in Figs. 4a-4c. On the
other hand, electrical conductivity is weakly affected by the form
of Saha equation for Egs. (2), (4), and (6) (see Fig. 4c), whereas for
Eq. (8), there is a strong difference due to the appearance of 7}, in
the exponential factor.

It is difficult to extend these conclusionsto a wide range of pres-
sure T, and 7}, values. The problem is which formulation of the
Saha equationuse. According to our work, different Saha equations
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arise from the different constraints imposed on the system, so that
only experimental data can help in selecting the true Saha equation.
Moreover, also accepting the maximization entropy criterion, we
can have different formulations of the Saha equation depending on
the definition of the relevant excitation temperatures, and these de-
pend on the role of electrons and heavy particles in the dissociation

and ionization processes %7

Conclusions

We have presentednew calculationsof thermodynamicand trans-
port properties of equilibrium and nonequilibrium H, plasmas. In
general, our results are in good agreement with those obtained by
otherauthors.'*2!?2 The main conclusionthat can be drawn from the
results is that the thermodynamic and transport properties of two-
temperature plasmas may depend in a nonnegligible manner on the
adopted form of the Saha equation, which, in turn, is determined by
the physical constraints imposed on the considered system.
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Extended Slip Boundary Conditions
for Microscale Heat Transfer
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Nomenclature
Kn = Knudsen number
T = temperature,K
u, = slip velocity, m/s
y = coordinate axis
Introduction

HE commonly used slip boundary conditionsin microchannels

are called the Maxwellian conditions, and they are first-order
accurate in Knudsen number. In the present analysis, we develop
the extended slip boundary conditionsin a systematic manner to be
used beyond the slip flow regime. The results are valid for early
transition flows.

Analysis

A. Velocity Slip

When a gas flows over a surface, the molecules leave some of
their momentum and create the shear stress on the wall. This mo-
mentum is the difference between the momentum of the incoming,
M;,, and the reflected, M, molecules. The incoming momentum
has two components: momentum of the impinging and the slipping
molecules. The momentum going away from the surfaceis by reflec-
tion. As shown in Fig. 1, the specular reflection conserves the tan-
gential momentum of the molecules Myeeyir = My, and the diffuse
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